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Mining association rules at a concept hierarchy 

using fuzzy partition 

Yi-Chung Hu 
Department of Business Administration, Chung Yuan Christian University 

Abstract 
Association rules can help managers to plan marketing or design store layouts. 

However, many methods are developed by analyzing the relationships among data items at 
a single level. Since cognitive uncertainty arising from human perception, cognition and 
subject judgment should be taken into account, in this paper, a new method is proposed to 
mine multiple-level fuzzy association rules among data items at a concept hierarchy, using 
fuzzy partition by a simple fuzzy grid. The proposed method primarily consists of two 
phases: one to find frequent fuzzy grids at each level, and the other to generate 
multiple-level fuzzy association rules from those frequent patterns. The main feature of the 
proposed method is to employ the table structure to store frequent fuzzy grids. In particular, 
both frequent fuzzy grids and multiple-level fuzzy association rules can be efficiently 
generated by applying the Boolean operations on the table structure. To understand the 
impact of the proposed method on the execution time and the number of generated 
association rules, the experiments are performed by using different sizes of databases and 
thresholds. The experimental results demonstrate the proposed method is efficient. 

Keywords: Fuzzy sets; Association rules; Data mining; Concept hierarchy; Decision 
support 
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 (association rules)  (items) 

 (Han and Kamber, 2001)

 (Berry and Linoff , 1997; Han and Kamber, 2001)
 Apriori  (Agrawal et al., 1996) 

 (frequent itemsets)
 (effective)  Apriori 

 (Boolean variable)  (support)  (confidence) 
(Han and Kamber, 2001) 
Apriori Srikant
Agrawal (1996) partial completeness Fukuda et al. 
(1996)  Rastogi  Shim (1999)  Wur 
Leu (1999) Agrawal et al. (1998) 
CLIQUE 

Bradley et al. (2002)  Han et al. (2000) 
Liu et al. (1998, 1999, 2003) 

 (perception) 
 (cognitive uncertainty) Zadeh (1965) 

 vagueness  ambiguity  (Yuan and Shaw, 1995)
 (linguistic variables)  (linguistic values) (Zadeh, 1975a,1975b,1976) 

 ( 2 )
 (concept hierarchy)

 (high-level)  (Han and 
Kamber, 2001) Han  Fu (Han and Fu, 1995)  1 

 1 
 Level 0 (the most general abstraction level) 

 Level 3 (the most specific abstraction level)
 (general)  Level 1  “bread”  Level 2  “white”

“wheat”
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“white”  “bread”  “Old Mills”  “white”
Han  Kamber (2001)  Han  Fu (1995) 

 (non-fuzzy) Hong et al. (2003a, 2003b) 

cardinality  ( )

 (level crossing) 

Wur  Leu (1999) 

 min FS 

food

milk bread

chocolate 

Dairyland Foremost 

plain 

Dairyland Foremost 

white

cookies beverage

wheat chocolate lemon black tea green tea

Old Mills Wonder Old Mills Present 77 Present 77 Linton Nestle Linton NestleWonder

1
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(linguistic variables) Zadeh(1975a,1975b,1976) 

 (natural language) 
 {Hot, Mild, Cold}
 (simple fuzzy grids) (Ishibuchi et al., 1999)

 2 x1 x2

 9  (A11, A23)

 (Hu et al., 2003a; Ishibuchi et al., 
1992, 1995, 1999; Wang and Mendel, 1992)  (Sun, 1994)  (Bezdek, 1981) 

 (membership function) (Jang et al., 1997)
 (1-dim 

fuzzy grid) A11  (A11, A23) A11 A23

 (candidate) Aij

( ) max{1 ,0}
i

j

ij K

x a
x

b
µ

−
= −                 (1) 

aj = 
 + (   )(   1)

1i

mi ma mi j
K

− −
−             (2) 

iKb =
(   )

1i

ma mi
K

−
−               (3) 

ma mi xi Ki i
 2 K1  K2  3

Salary (x2)

Age (x1)21A
0.0 1.0

22A

23A

0.0
13A12A11A

1.0

2 9
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 (encoded transaction tables)

(pseudo code) 

r r−1
 Level i c1c2 …ci-1 ci ∗∗…∗ i ≤ r−1 ∗

r−i−1 cl (l = 1, 2,…, i)  (parent node) 
 1 r  4  3

 “beverage”  “lemon”  “cookies”
“beverage”  “lemon cookies”  “4∗∗”  “32∗

 (Hong et al., 2003a)  1 

t3 (211, 7)  7  “Old Mills white bread”

1 Level 3 

TID Items 

1t (111, 1) (112, 4) (211, 4) (212, 6) (311, 7) (421, 7) 

2t
(111, 3) (112, 3) (121, 1) (221,5) (222, 3) (321, 4) (322, 
4)

3t (211, 7) (221, 8) (312, 5) (322, 7) 

4t (111, 2) (211, 5) (312, 5) 

5t (211, 5) (222, 4) 

6t (111, 3) (112, 10) (411, 3) (412, 9) 

3 Level 1 

TID Items 

1t (1∗∗, 5) (2∗∗, 10) (3∗∗, 7) (4∗∗, 7) 

2t (1∗∗, 7) (2∗∗,8) (3∗∗, 8) 

3t (2∗∗, 15) (3∗∗, 12) 

4t (1∗∗, 2) (2∗∗, 5) (3∗∗, 5) 

5t (2∗∗, 9) 

6t (1∗∗, 13) (4∗∗, 12) 

2 Level 2 

TID Items 

1t (11∗, 5) (21∗, 10) (31∗, 7) (42∗, 7) 

2t (11∗, 6) (12∗, 1) (22∗,8) (32∗, 8) 

3t (21∗, 7) (22∗, 8) (31∗, 5) (32∗, 7) 

4t (11∗, 2) (21∗, 5) (31∗, 5) 

5t (21∗, 5) (22∗, 4) 

6t (11∗, 13) (41∗, 12) 
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Level 2  Level 1  1  2  3  3 t5

(2∗∗, 9)  9  “bread”  Level i
“milk” “bread”

“cookies”  “beverage” Level 1  4 1
1x 1

2x 1
3x 1

4x  4 
 4 

θ  Level i di (i ≥

1)
1

1

r
j

j

d
−

=

m
mxα  Level αm m

m

mmiAα m
mxα θ im  (1 ≤ im ≤ θ, 1 ≤ m ≤ mdα )

k  ( 1

11iAα , 2

22iAα ,…, 1

11
k

kk iAα −

−− , k

kkiAα ) p tp

 (degree of compatibility) 1

11i
αµ ( 1

1ptα )×
2

22i
αµ ( 2

2ptα )×…× 1

11
k

kk i
αµ −

−− ( 1

1

k

kptα −

−
)× k

kki
αµ ( k

kptα ) m

mptα tp
m

mxα m

mmi
αµ m

mmiAα

( 1

11iAα , 2

22iAα ,…, 1

11
k

kk iAα −

−− , k

kkiAα )  (fuzzy support) (Hu et al., 2003b; 

Ishibuchi et al. 2001) :

FS( 1

11iAα , 2

22iAα ,…, 1

11
k

kk iAα −

−− , k

kkiAα )

=
1 11 1 2 2

1 1 2 2 1 11 2 1
1

( ) ( ) ... ( ) ( )k k k k

k k k k

n

i p i p k i p ki p
p

t t t t

n

α α α αα α α αµ µ µ µ− −

− −−
=

× × × ×
              (4) 

n  “×”  (algebraic product)

 (fuzzy intersection operator) (Pedrycz and Gomide, 1998)

FS( 1

11iAα , 2

22iAα ,…, 1

11
k

kk iAα −

−− , k

kkiAα )  (minimum 

support, min FS)) k 1

11iAα 2

22iAα … 1

11
k

kk iAα −

−−

k

kkiAα  “ 1
1xα  is 1

11iAα … k
kxα  is k

kkiAα ”

 (clusters define rules) 

(Kosko, 1992)

 min FS 

Wur  Leu (1999) 

 FGTTFS  FGTTFS 
FGTTFS 

(a)  (Fuzzy grid table, FG) FG
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FG  (binary-valued) 

(b)  (Transaction table, TT) TT 
TT 

(c)  (Fuzzy support table, FS) FS  FS 

 4  FGTTFS t1 t2 (i.e., n = 2)

 Level 1  Level 2  (i.e., K = 2) 1
1x 1

2x 2
1x

4 FGTTFS 

 FG TT FS Fuzzy 
grid 1

11A 1
12A 1

21A 1
22A 2

11A 2
12A 2

21A 2
22A t1 t2

1
11A 1 0 0 0 0 0 0 0 

1
11µ (

1

1
1t )

1
11µ (

1

1
2t ) FS( 1

11A )

1
12A 0 1 0 0 0 0 0 0 

1
12µ (

1

1
1t )

1
12µ (

1

1
2t ) FS( 1

12A )

1
21A 0 0 1 0 0 0 0 0 

1
21µ (

2

1
1t )

1
21µ (

2

1
2t ) FS( 1

21A )

1
22A 0 0 0 1 0 0 0 0 

1
22µ (

2

1
1t )

1
22µ (

2

1
2t ) FS( 1

22A )

2
11A 0 0 0 0 1 0 0 0 

2
11µ (

1

2
1t )

2
11µ (

1

2
2t ) FS( 2

11A )

2
12A 0 0 0 0 0 1 0 0 

2
12µ (

1

2
1t )

2
12µ (

1

2
2t ) FS( 2

12A )

2
21A 0 0 0 0 0 0 1 0 

2
21µ (

2

2
1t )

2
21µ (

2

2
2t ) FS( 2

21A )

2
22A 0 0 0 0 0 0 0 1 

2
22µ (

2

2
1t )

2
22µ (

2

2
2t ) FS( 2

22A )

5  FG  FS 

 FG FS Fuzzy 
grid 1

11A 1
12A 1

21A 1
22A 2

11A 2
12A 2

21A 2
22A

1
11A 1 0 0 0 0 0 0 0 FS( 1

11A )

1
12A 0 1 0 0 0 0 0 0 FS( 1

12A )

1
21A 0 0 1 0 0 0 0 0 FS( 1

21A )

1
22A 0 0 0 1 0 0 0 0 FS( 1

22A )

2
11A 0 0 0 0 1 0 0 0 FS( 2

11A )

2
12A 0 0 0 0 0 1 0 0 FS( 2

12A )

2
21A 0 0 0 0 0 0 1 0 FS( 2

21A )

2
22A 0 0 0 0 0 0 0 1 FS( 2

22A )

( 1
11A , 1

21A ) 1 0 1 0 0 0 0 0 FS ( 1
11A , 1

21A )
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2
2x FG  (binary-valued)  “OR”  FG 

1
11A 1

21A  FG 

(i.e., FG[1])  (i.e., FG[3])  (1, 0, 0, 0, 0, 0, 0, 0)  (0, 0, 1, 0, 0, 0, 0, 

0) FG[1] OR FG[3]  (1, 0, 1, 0, 0, 0, 0, 0)  ( 1
11A , 1

21A )

 (4)  TT[1]  TT[3]  [ 1
11µ (

1

1
1t )× 1

21µ (
2

1
1t ) + 1

11µ (
1

1
2t )× 1

21µ (
2

1
2t )] × ½ 

 FS( 1
11A , 1

21A )  min FS  ( 1
11A , 1

21A )  5 

( 1
11A , 1

21A )  FS( 1
11A , 1

21A )  FG  FS TT 

k  (k ≥ 2) (1, 1, 0, 0, 0, 0, 0, 0)  (0, 0, 0, 0, 

1, 1, 0, 0) 1
1x 2

1x  (1, 0, 0, 0, 1, 0, 0, 

0)  (1, 0, 0, 0, 0, 1, 0, 0) 

( 1
12A , 2

22A )

 Apriori k  (k ≥ 3) 

( 1

11iAα , 2

22iAα ,…, 1

11
k

kk iAα −

−− , k

kkiAα )  ( 1

11iAα , 2

22iAα ,…, 2

22
k

kk iAα −

−− , 1

11
k

kk iAα −

−− )  ( 1

11iAα , 2

22iAα ,…, 2

22
k

kk iAα −

−− , k

kkiAα )

 (k–1)  (k−2) 

(i.e., 1

11iAα , 2

22iAα ,…, 2

22
k

kk iAα −

−− )  ( 1
12A , 1

21A )  ( 1
12A , 2

22A )

 1 1
12A  ( 1

12A , 1
21A , 2

22A )
1
12A 1

21A 2
22A

 FG[u]  FG[v]  (k-1) k

e1 e2 … ek-1 ek (1 ≤ e1 < e2 <…< ek-1 < ek ≤
1

1

r
j

j

d
−

=

)  FG[u, e1] =…= FG[u,

ek-2] = FG[u, ek-1] = 1 and FG[v, e1] =…= FG[v, ek-2] = FG[v, ek] = 1 

FG[u]  FG[v] FG 

 ( 1

11iAα , 2

22iAα ,…, 1

11iA β

β

α
β

−

−− , iA β

β

α
β , 1

11iA β

β

α
β

+

++ ,…, 1

11
k

kk iAα −

−− , k

kkiAα )

R1 R2

R1: ( 1

11iAα , 2

22iAα ,…, 1

11iA β

β

α
β

−

−− , iA β

β

α
β )  ( 1

11iA β

β

α
β

+

++ ,…, 1

11
k

kk iAα −

−− , k

kkiAα ) with FC(R1), 1 ≤ β ≤ k  (5) 

R2: ( 1

11iA β

β

α
β

+

++ ,…, 1

11
k

kk iAα −

−− , k

kkiAα )  ( 1

11iAα , 2

22iAα ,…, 1

11iA β

β

α
β

−

−− , iA β

β

α
β ) with FC(R2), 1 ≤ β ≤ k (6) 

 FC(R1)  FC(R2) R1 R2 R1  ( 1

11iAα , 2

22iAα ,…, 1

11iA β

β

α
β

−

−− ,

iA β

β

α
β )  ( 1

11iAα , 2

22iAα ,…, 1

11
k

kk iAα −

−− , k

kkiAα ) R2  ( 1

11iA β

β

α
β

+

++ ,…,
1

11
k

kk iAα −

−− , k

kkiAα ) and ( 1

11iAα , 2

22iAα ,…, 1

11
k

kk iAα −

−− , k

kkiAα ) “ ”

 (antecedence)  (consequence) R1 1
1xα
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1

11iAα 2
2xα 2

22iAα … x βα
β iA β

β

α
β

1
1

ix β
β

+
+

1

11iA β

β

α
β

+

++ … k
kxα k

kkiAα R2

FC(R1)  FC(R2) (Hu et al., 2003b; Ishibuchi et al. 2001) 

FC(R1) = 
11 2

1 2 1

11 2

1 2 1

1 2 1

1 2 1

FS( , ,..., , )

FS( , ,..., , )

k k

k ki i k i ki

i i i i

A A A A

A A A Aβ β

β β

α αα α

α αα α
β β

−

−

−

−

−

−

           (7) 

FC(R2) = 
11 2

1 2 1

1 2 1

1 2 1

1 2 1

1 2 1

FS( , ,..., , )

FS( , ,..., , )

k k

k k

k k

k k

i i k i ki

i i k i ki

A A A A

A A A Aβ β

β β

α αα α

α α α α
β β

−

−

+ + −

+ + −

−

+ + −

          (8) 

 FC(R1)  FC(R2)  (minimum 
confidence, min FC)) R1 R2  min FC 

R1 R2 FS(R1)  FS(R2)
 FS( 1

11iAα , 2

22iAα ,…, 1

11
k

kk iAα −

−− , k

kkiAα )  (effective or strong) 

 min FS  min FC min FS  min FC 

 FG  FG[u]
AND FG[v]  FG[u]  FG[u]  FG[u] XOR FG[v]

 FG[u]  FG[v]  (1, 0, 0, 0, 0, 0, 0, 0) 
 (1, 0, 0, 0, 0, 0, 1, 0)  FG[u] AND FG[v]  FG[u]  (1, 0, 

0, 0, 0, 0, 0, 0)  (0, 0, 0, 0, 0, 0, 1, 0) 1
11A 2

21A

 (7)  FC( 1
11A 2

21A )  min FC 

 a. n b. min FS c. min FC d. 
e. θ

Step 1. 
Step 2. 
Step 3.  FGTTFS 

1βα +
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Step 4.  FGTTFS 
Step 5. k =1 
Step 6. k = k + 1  (k-1) 

 (k-1) 
Step 7.  (k-1) ( FG[u] FG[v]

u ≠ v)  Step 6
Step 8. k = 2 e1 = u e2 = v c = (FG[u] OR FG[v])  Step 10

Step 9.  (k−1)  (k−2) 
 FG[u]  FG[v]  (k-1)  (k−2) 

 Step 7 c = (FG[u] OR FG[v])
k e1 e2 … ek-1 ek (1 ≤ e1 < e2 <…< ek-1 < ek ≤

1

1

r
j

j

d
−

=

)
 FG[u, e1] =…= FG[u, ek-2] = FG[u, ek-1] = 1 and FG[v, e1] =…= FG[v, ek-2] = 

FG[v, ek] = 1 
Step 10. 

c c

 Step 7
Step 11. 

c c

Step 7
Step 12.  TT[e1] TT[e2] … TT[ek]  FS(c)  FS(c) ≥ min FS  (FG[u]

OR FG[v])  FS(c)  FG  FS(c) c

Step 7 

3

(k-1) 
k  (k ≥ 3) 

FGTTFS 

FGTTFS FGTTFS
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Step 1. S=φ
Step 2. ( FG[u] FG[v] u < v)

Step 3. 
 (FG[u] AND FG[v]) = FG[u]  FG[u]  (FG[u] XOR FG[v]) 

Step 4. FC(R) FC(R)≥min FC S  Step 2

 3  FGTTFS 
 FGTTFS

 1  1 2  3 
 min FS  min FC  0.290  0.580  3 

 (i.e., θ = 3)  4 
d1 d2 d3  4 8  16

3

1

j

j

d
=

28  84  (i.e., 3 
× (4 + 8 + 16))  6 

 11  FGTTFS  FG 11×11 

11 2C

 FG [2]  FG [9]  Step 8
 ( 1

22A , 3
11A ) 1

22A 3
11A

e1 e2 u v  Step 9 FG[2] OR FG[9] 
 ( 1

22A , 3
11A )  (0, 1, 0, 0, 0, 0, 0, 0, 1, 0, 0)  Step 10 1

22A 3
11A

1
2x 3

1x  Step 11 
1
2x 3

1x  ( 1
22A , 3

11A )

179

Large

1.0

0

MediumSmall 

4

1
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 Step 12 FS( 1
22A , 3

11A ) = 0.328  TT[2]  TT[9]  FS( 1
22A , 3

11A )
 min FS  ( 1

22A , 3
11A )  (0, 1, 0, 0, 0, 0, 0, 0, 

1, 0, 0)  0.328  FG  FS 
 0.305 0.328  0.307  ( 1

22A , 1
32A ) ( 1

22A , 3
11A )  ( 1

32A , 3
11A )

 FG  12 13  14 
 FG [12]  FG [13] 

 Step 9  2 3  9 e1 e2  e3  FG[12,
e1] = FG[12, e2] = 1  FG[13, e1] = FG[13, e3] = 1  ( 1

22A , 1
32A )  ( 1

22A , 3
11A )

1
22A  FG[12] OR FG[13]  ( 1

22A , 1
32A , 3

11A )
(0, 1, 1, 0, 0, 0, 0, 0, 1, 0, 0)  Step 10 1

22A 1
32A 3

11A 1
2x

1
3x 3

1x  Step 11 1
2x

1
3x 3

1x  ( 1
22A , 1

32A , 3
11A )

 Step 12 FS( 1
22A , 1

32A , 3
11A ) = 0.242  TT[2] TT[3]  TT[9]

 FS( 1
22A , 1

32A , 3
11A )  min FS  ( 1

22A , 1
32A , 3

11A )
 FG [12]  FG [14]  2 3  9 e1

e2  e3  FG[14, e1] ≠ FG[14, e3]  FG [12]  FG [14] 

1
22A  ( 1

22A , 1
32A )  FG [3] 

FG [12]  FG[3] AND FG[12]  FG[3]  (0, 0, 1, 0, 0, 0, 0, 
0, 0, 0, 0)  (0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0) 1

22A  (i.e., 1
32A

1
22A )  FG[3] XOR FG[12] (i.e., (0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0)) 
1
22A FC( 1

32A 1
22A )

6  FGTTFS 

FG      TT FSFuzzy 
Grid 1

12A 1
22A 1

32A … 3
11A 3

51A 3
52A t1 t2 t3 t4 t5 t6

1
12A 1 0 0 … 0 0 0 0.500 0.750 0.000 0.125 0.000 0.500 0.313 
1
22A 0 1 0 … 0 0 0 0.875 0.875 0.250 0.500 1.000 0.000 0.583 
1
32A 0 0 1 … 0 0 0 0.750 0.875 0.625 0.500 0.000 0.000 0.458 
2
11A 0 0 0 … 0 0 0 0.500 0.375 0.000 0.875 0.000 0.000 0.292 
2
12A 0 0 0 … 0 0 0 0.500 0.625 0.000 0.125 0.000 0.500 0.292 
2
32A 0 0 0 … 0 0 0 0.875 0.000 0.750 0.500 0.500 0.000 0.438 
2
42A 0 0 0 … 0 0 0 0.000 0.875 0.875 0.000 0.375 0.000 0.354 
2
52A 0 0 0 … 0 0 0 0.750 0.000 0.500 0.500 0.000 0.000 0.292 
3
11A 0 0 0 … 1 0 0 1.000 0.750 0.000 0.875 0.000 0.750 0.563 
3
51A 0 0 0 … 0 1 0 0.625 0.000 0.250 0.500 0.500 0.000 0.313 
3
52A 0 0 0 … 0 0 1 0.375 0.000 0.750 0.500 0.500 0.000 0.354 
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FC( 1
32A 1

22A ) =
1 1
22 32

1
32

FS( , )
FS( )

A A
A

 = 0.666 

FC( 1
32A 1

22A )  min FC , “ 1
32A 1

22A ”

1. 1
32A 3

11A  with FC( 1
32A 3

11A ) = 0.670 cookies Dairyland 

chocolate milk

2. 1
32A 1

22A  with FC( 1
32A 1

22A ) = 0.666 cookies bread 

3. 3
11A 1

22A  with FC( 3
11A 1

22A ) = 0.583 Dairyland chocolate milk 

bread 

 (  10000  20000 
)  min FS  ( )

 Delphi 7  1700 MHz  Pentium 4
 Level 1 Level 

2 Level 3  4 16  64 
 10 

 5 
 min FC  0  7  7 

 Hong et al. (2003a, 2003b)  min FS 
 Hong et al. 

 min FS 
 FGTTFS

 min FS 
Hong et al. 

Hong et al. 
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 Hong et al. 

 “ 1
32A

3
11A ” cookies Dairyland chocolate milk 

Dairyland chocolate milk

 “ 1
32A 3

13A ”
 (i.e., cookies Dairyland chocolate milk )

Dairyland chocolate milk

Pedrycz (1994) 

3015

Large

1.0

0

MediumSmall 

5

1

7

10000  20000
Hong et al.  Hong et al. 

min FS 

0.02 769 568 8 1546 1361 542 22 1510 
0.03 737 370 6 878 1308 362 12 886 
0.04 685 108 6 454 1247 114 11 442 
0.05 642 108 5 248 1201 108 10 248 
0.06 17 108 4 240 31 108 10 244 
0.07 8 12 4 56 15 12 6 56 
0.08 8 12 3 56 15 12 4 56 
0.09 8 12 3 56 15 12 4 56 
0.10 8 12 3 56 15 12 4 56 
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θ
FGTTFS θ  FG 

 TT  FG  TT 
 FG  0

 TT 
 0  (sparse matrix)  FG  TT 

 Agrawal and Shafer (1996)  Han et 
al. (2000) 

 ( NSC 93-2416-H-033-003) 

1. Agrawal, R., Gehrke, J., Gunopulos, D. and Raghavan, P. “Automatic Subspace 
Clustering of High Dimensional Data for Data Mining Applications,” in Proceedings of 

the ACM SIGMOD International Conference on Management of Data, 1998, pp: 
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